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Abstract
In this paper, a coupling methodology is involved and improved to correct the tool
path deviations induced by the compliance of industrial robots during an incremental
sheet forming task. For that purpose, a robust and systematic method is  rst proposed to
derive the elastic model of their structure and an ef cient FE simulation of the process
is then used to predict accurately the forming forces. Their values are then de ned
as the inputs of the proposed elastic model to calculate the robot TCP pose errors
induced by the elastic deformations. This avoid thus a  rst step of measurement of
the forces required to form a test part with a stiff machine. An intensive experimental
investigation is performed by forming a classical frustum cone and a non-symetrical
twisted pyramid. It validates the robustness of both the FE analysis and the proposed
elastic modeling allowing the  nal geometry of the formed parts to converge towards
their nominal speci cations in a context of prototyping applications.
Keywords: robot machining, elastic modeling, robot calibration, stiffness
identi cation, off-line compensation, incremental sheet forming
1. Introduction
In order to reduce manufacturing costs and to improve production !exibility, the
industrial robot manipulators are nowadays involved for processes such as machining,
assembly or forming [1], [2]. Robots can be used for Incremental Sheet Forming (ISF)
which is an interesting process for small series production and prototyping [3]. In ISF
the sheet is deformed locally by successive paths of a simple tool. It means that lower
forming forces than stamping are needed to form a part. These forming forces are fun-
damental data to predict the tool pose deviations of the robot [1]. These deviations are
mainly due to the elastic deformations of the robot structure which lack of stiffness in
comparison to dedicated machines [4], [5]. The resulting Tool Center Point (TCP) pose
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errors degrade the process results in terms of geometry, surface, etc. In past decades,
much of the work in the area of robot calibration including studies on the modeling
of their structure, the measurement data collection and the model error identication
has been done [6], [7], [8]. For that purpose two main approaches are available in the
literature.
The rst approach is to perform the dynamic elastic modeling of the robot structure
in order to compensate by a linear or non linear feedback control the elastic deforma-
tions of the structure that degrade the TCP pose accuracy [9], [10], [11]. Outputs of
such control consist in modifying the actuator torques. Therefore its implementation is
difcult in actual industrial robots where only the TCP pose is controlled [12]. More-
over, the dynamic parameters (inertia, center of gravity, gear ratio) must be identied
by dedicated methodologies [8], [13].
The second approach is based on realistic parametric models of the robots to predict
the elastic deformations. The methodologies proposed in the literature are based either
on Lumped-parameter [14], [15], [16] or more realistic Finite Element models [17],
[18], [19]. Since outputs of these models are TCP pose errors, the term elastic model is
used. As a result, a correction of the tool path deviations in the programming language
of the controller (real-time or off-line programming) is possible. This method has
already been applied on a Two Point Incremental Forming (TPIF) process (a supporting
tool is used to hold the sheet on the backside) [20], [1]. In these works, the tool path
deviations are computed with a Multy Body System modeling (MBS) of the robot
structure coupled to a Finite Element analysis (FE). In the MBS model, the links are
assumed rigid and the elastic behavior of the robot structure is described considering
the joint stiffness only. The ISF FE simulation computes the estimated forming forces
required to form the part assuming an ideal stiff robot. These values are then used
to estimate with the MBS model the TCP pose errors that are due to the robot elastic
deformations.
The main objective of our paper is to bring consistent contributions to these last
works. For that purpose, our work focussed on the following points:
1. The TCP pose errors induced by the elastic deformations are calculated with a para-
metrical modelingmethod based on a new notation instead of a MBSmodeling. The
main advantage of this approach is that a realistic and complete 3D elastic model
can be derived automatically for any industrial robot manipulators including open-
and closed-loop structures. Thereby the robot structure can be described consider-
ing the joint and the link stiffness.
2. Thanks to an efcient FE simulation of the process, the predicted forming forces
are calculated and then used as inputs of the proposed elastic model. The advantage
of this approach is to avoid the measuring of the forming forces during a rst run
without any compensations as in [20]. Actually in the case of really compliant
robots, the measuring forces might be really lower as those exerted by an assuming
stiff structure and this can lead to inaccurate corrections of the tool path.
3. In order to validate the coupling approach an intensive experimental investigation
is performed by considering on one hand a classical frustum cone as in [20] and
on the other hand a twisted pyramid. The non-symetrical geometry of this last one
allows to validate the robustness of both the FE analysis and the elasto geometrical-
modeling.
The paper is organized as follows. First the ISF process requirements are given
and the TCP pose accuracy abilities of a FANUC S420iF are veried according to
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ISO-9283 standard. Next sections describe respectively the new proposed systematic
elastic modeling and its application to the FANUC S420iF. The resulting elastic model
of its structure is next identied and then involved to compensate both the geometrical
errors and elastic deformations during the ISF of a frustum cone and a twisted pyramid
on an aluminium sheet. For each shape, experimental results are deeply analyzed and
discussed.
2. Incremental Forming process requirements
To be as efcient as dedicated machines the serial robots have to verify the process
requirements. For example, to form a frustum cone of 40 mm depth and 50° wall an-
gle with a 1.2mm thick aluminium sheet, a maximum force of 600N is needed. Feed
rates usually programmed are included between 1 m/min and 2 m/min so the pro-
cess can be considered as quasi-static [21]. The forces required to form thin aluminium
parts are compatible with the FANUC robot S420iF. It is a typical robot used for me-
chanical assembly with six degrees of freedom and a payload capacity of 1200 N . It
has a kinematic closed loop that increases the global stiffness of the structure. In order
to verify the robot capabilities versus the process, a diagnostic of the robot has been
made according the ISO-9283 standard [22]. Results obtained with ROBOSCOPE©
software and the Nikon Metrology K600-10 photogrammetricmeasurement system are
presented in TABLE 1. The system has a pose measuring accuracy up to 37 µm for
a single point. As one can see in TABLE 1, the maximum compliance and accuracy
errors respectively of 3.3 and 1.6 mm clearly show that this robot cannot achieve ISF
parts with an acceptable level of accuracy (±0.5 mm [23]). Therefore an efcient
off-line compensation of the robot tool path deviations has to be performed.
Table 1: Certicationss results based on ISO-9283 standard
Position (mm) Orientation (mdeg)
Mean Repeatability error 0.134 15.271
Max Repeatability error 0.176 20.059
Mean Accuracy error 0.914 137.239
Max Accuracy error 1.644 165.346
Max Compliance error (650 N) 3.253 -
3. Elastic modeling
Denavit-Hartenberg or Khalil-Kleinnger notations are usually used for the geo-
metrical modeling of industrial robots [6], [8]. Finite Element theory [24] is involved
to derive the elastic model by discretizing the robot structure into a set of nodes and
beams. Nodes can represent the start or the end of a link, an intermediate frame or a
characteristic point on the real structure. However, the denition of the frames used for
the geometrical modeling is not really appropriated for the elastic modeling one [17]
since in the classical beam theory x axis has to be along the neutral axis [24]. In this pa-
per, the denition of a new parameter table is proposed to make mutually coherent the
notation of both geometrical and elastic models in order to describe with a minimum
set of parameters open- (Figure 1) and closed-loop structure robots (Figure 2). For that
purpose, the systematic modeling is performed by the denition of two specic frames:
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 Joint framesRj : Khalil-Kleinnger notation is used and allows to have the geo-
metrical situation of frames Rj in the base frame R0.
 Link frames Ru,v: links can be considered either rigid nor deformable. If a link
is considered deformable, the classical beam theory is then used to described its
mechanical behaviour. x axis has to be along the neutral axis [24]. A notation
based on three parameters allows to have the geometrical description of the link
frame Ru,v in the base frame R0.
3.1. Open-loop robots
The system is composed of n joints and n+ 1 links. The link C0 is the base of the
robot and Cn the link holding the tool.
3.1.1. Joint frames Rj
Joint j dened between two nodes l and u, connects link Cj−1 with link Cj . Cj−1
is the precedent link of Cj . The frame Rj , which is xed with link Cj and connected
to the node l, is dened such that:
 zj is along the axis of joint j.
 xj is taken along the common normal between zj and zj+1. If zj and zj+1
are parallel, the choice of xj is not unique. In order to minimize the number of
parameters, xj will be placed if possible along the neutral axis of the link Cj .
3.1.2. Link frames Ru,v
It is necessary to dene a specic frame when a link Cj is considered deformable.
This is dened between two nodes u and v. A link frameRu,v is associated to the node
u and dened such that:
 xu,v is along the neutral axis of the link Cj .
 zu,v is along the main inertia axis of the link Cj .
Figure 1: Modeling of open loop structures
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3.2. Closed-loop structure robots
The system is composed of L joints and n + 1 links, where C0 is the base and
L > n. The geometric description of a structure with closed-loops is de ned by an
equivalent tree structure obtained by cutting each closed loop at one of its joints and
by adding two frames at each cut joint. The (L × 1) joint variable vector is written
q =
[
qa qp qc
]T
with:
 qa: the vector containing the N active joint variables.
 qp: the vector containing the p = n−N passive joint variables of the equivalent
tree structure.
 qc: the vector containing the B variables of the cut joints.
3.2.1. Joint frames Rj
Joint j de ned between two nodes v and m, connects link Ci=a(j) with link Cj .
Ci is the precedent link of Cj . The topology of the system is de ned by a(j) for
j = 1, ..., n. The frame Ri, which is  xed with link Ci and connected to the node l, is
de ned such that:
 zi is along the axis of joint i.
 xi is taken along the common normal between zi and z of one of the links held
by link Ci.
 If the link Ci holds more than one link, for example Cj and Ck, it is necessary
to de ne two axis:
xi which is the common normal between zi and zk
x
′
i which is the common normal between zi and zj
3.2.2. Link frames Ru,v
It is necessary to de ne a speci c frame when a link Ci is considered deformable.
If the link Ci is composed by two nodes, the link frame Ru,v is de ned according to
open-loop robot methodology. If a link Ci is composed by more than two nodes, it is
necessary to de ne a new indice w. C
(w)
i with w = 1, ..., p de nes a sub-link of Ci. It
is necessary to de ne a link frame Ru,v for each sub-link C
(w)
i at the node u which is
a common node of C
(w)
i links. The link frame Ru,v is de ned such that:
 xu,v is along the sub-link C
(w)
i .
 zu,v is along the main inertia axis of the sub-link C
(w)
i .
3.3. Description of the structure in the base frame R0
In order to perform stiffness matrix assembly it is necessary to de ne the geomet-
rical situation of the joint frame Rj and the link frame Ru,v in R0 [24].
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Figure 2: Modeling of closed loop structures
3.3.1. Joint frames Rj
The situation of Rj in the frame Ri, requires six parameters γj , bj , αj , dj , θj , rj .
The de nition of these parameters is available in [25]. The homogeneous transforma-
tion matrix iTj linking Rj to Ri is calculated by:
iTj =Rot(z, γj)Trans(z, bj)Rot(x, αj)
Trans(x, dj)Rot(z, θj)Trans(z, rj) (1)
=
[
iAj
iPj
0 0 0 1
]
(4×4)
.
The matrix iAj gives the orientation of the frame Rj with respect to Ri. The
transformation 0Tj , which represents the situation of the frameRj with respect to R0,
is obtained by post-multiplication of matrices iTj .
3.3.2. Link frames Ru,v
The description of the orientation of Ru,v in the frame Rj , requires three parame-
ters δj , ηj and κj .
 δj: angle of rotation around xj axis.
 ηj : angle of rotation around yj axis.
 κj: angle of rotation around zj axis.
A parameter χj is introduced such that:
 χj = 0 if the link Cj is considered as rigid.
 χj = 1 if the link Cj is considered as deformable.
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The description of the situation of Ru,v in the joint frame Rj is given by the rela-
tion:
jTu,v = Rot(x, δj)Rot(y, ηj)Rot(z, κj). (2)
Then the description of the situation of Ru,v in the base frame R0 is described by
the following relation:
0Tu,v =
0Tj
jTu,v =
[
0Aj
jAu,v
0Pj
0 0 0 1
]
(4×4)
. (3)
3.4. Elastic model
3.4.1. Beam element
A beam is de ned by two nodes and used when a link is considered as deformable.
The displacements of a node can be calculated when a wrench is applied on it. The
vector of nodal wrench that is applied at node v is:
Fv =
[
fv mv
]T
(4)
with:
 fv =
[
fv,x fv,y fv,z
]T
the force applied at node v.
 mv =
[
mv,x mv,y mv,z
]T
the torque.
Expressed in Ru,v andR0, the wrenchFv will be written respectivelyFv and
0Fv .
Ru,v is the local frame attached to the beam de ned between u and v with xu,v along
the line (u, v) (Figure 3). The nodal displacement resulting of the application of Fv at
the node v is:
∆Xv =
[
∆Pv ∆Φv
]T
(5)
with:
 ∆Pv =
[
∆Pv,x ∆Pv,y ∆Pv,z
]T
is the translational displacement vector
of v.
 ∆Φv =
[
∆φv,x ∆φv,y ∆φv,z
]T
the vector gathering the three rotation
angles of the beam section.
3.4.2. Stiffness matrix of  exible joints
In the local frame, the stiffness of the compliant joint de ned between the nodes
v and m and whose axis is along zj of the frame Rj is described by the (12 × 12)
stiffness matrix:
Kj =
[
KDj −K
D
j
−KDj K
D
j
]
(12×12)
(6)
where: KDj = diag [Kr,Kr,Ka,Krr,Krr,Kar].
Ka and Kr are respectively the translational axial and radial stiffness. Kar and
Krr are the rotational axial and radial stiffness [26].
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Figure 3: Elastic beam, nodal wrench and displacement
The calculation of the stiffness matrix components inR0 is done by using the trans-
formation matrix 0Gj according to:
0Kj =
(
0Gj
)
Kj
(
0Gj
)−1
. (7)
0Gj is given by:
0Gj =


0
Aj 03,3 03,3 03,3
03,3
0
Aj 03,3 03,3
03,3 03,3
0
Aj 03,3
03,3 03,3 03,3
0
Aj


(12×12)
. (8)
3.4.3. Stiffness matrix of beams
For a beam, the stiffness matrix depends on its geometrical and mechanical param-
eters (TABLE 2). For a deformable link Cj , the stiffness matrix is the well-known 12
dimensional square matrix Ku,v de ned into its local coordinate system Ru,v , it can
be expressed by using four sub-matrices:
Ku,v =
[
K11u,v K
12
u,v
K21u,v K
22
u,v
]
(12×12)
. (9)
For which if the shear effects are neglectedK11u,v,K
12
u,v,K
21
u,v , etK
22
u,v are de ned
in the literature [24]. The calculation in R0 of the stiffness matrix components is done
by using the transformation matrix 0Bu,v according to the relation:
0Ku,v =
(
0Bu,v
)
Ku,v
(
0Bu,v
)−1
. (10)
0Bu,v is given by:
0Bu,v =


0
Aj
j
Au,v 03,3 03,3 03,3
03,3
0
Aj
j
Au,v 03,3 03,3
03,3 03,3
0
Aj
j
Au,v 03,3
03,3 03,3 03,3
0
Aj
j
Au,v


(12×12)
. (11)
3.4.4. Assembly technique
The assembly of all matrices is then performed by adding the elastic effects at all
nodes of the structure according to their indexes. It leads to the whole structure stiffness
matrix 0Kc. The dimension of
0Kc is (6H × 6H), where H is the number of nodes.
Then, boundary conditions are introduced. So the size of the stiffness matrix 0Kc is
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Table 2: Geometrical and Mechanical parameters
Geometrical parameters Length & Cross-sectional area L & S
Mechanical parameters
Youngs & Coulombs modulus E &G
Quadratic & Polar moments Iy , Iz & J
reduced by deleting the rows and the columns corresponding to the nodes for which
displacements are null. It leads to the 0K∗c stiffness matrix.
3.4.5. Rigid link motion
Before establishing relation between forces/displacements, it is necessary to in-
clude rigid link motion when a link is considered as rigid. Thus, the matrix 0A∗c in-
cludes theM = 6×(n−
∑
χj) relations of rigid link motion and boundary conditions.
Finally rigid link motions can be expressed by the following relation:
0A∗c
0∆X∗c = 0M,1. (12)
3.4.6. Energy study
It is possible to calculate the node displacements 0∆X∗c , that verify the relation
0F∗c =
0K∗c
0∆X∗c under the constrains given by the relation (12). This problem can
be solved by searching the extremum conditions of the potential energy [24]. A linear
system is then obtained:[
0F∗c
0M,1
]
=
[
0K∗c
0A∗Tc
0A∗c 0M,M
] [
0∆X∗c
λM
]
(13)
where λM are the Lagrange multipliers. By de ning:
0
FG=


0F∗c
0M,1

 0KG=


0K∗c
0A∗Tc
0A∗c 0M,M

 0∆XG=


0∆X∗c
λM,1


The relation (13) becomes:
0FG =
0KG
0∆XG. (14)
Since the relation (14) includes the boundary conditions and the rigid link motions,
it is symmetric, positive de nite and invertible. The node displacements are given by
the relation:
0∆XG =
(
0KG
)−1 0FG. (15)
The solution vector 0∆XG contains the values of all node displacements and La-
grange multipliers.
3.4.7. Equivalent structure
For a given load on the structure (link own weight, payload, external forces, etc.),
it is possible to calculate the elastic displacements 0∆XE at the node corresponding to
the TCP. For that purpose, the whole elastic behavior of the structure is described by an
equivalent stiffness matrix 0Keq and an equivalent wrench
0Feq . In the general case,
the stiffness matrix and the vector of nodal wrenches and displacements are de ned
between the base and the TCP nodes by using the following partition matrices:
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[
0FR
0FE
]
=
[
0KR,R
0KR,E
0KE,R
0KE,E
] [
0∆XR
0∆XE
]
. (16)
The indice R corresponds to the components of all nodes excepted the node E
de ning the TCP. Thus one can obtain:{
0FR =
0KR,R
0∆XR +
0KR,E
0∆XE
0FE =
0KE,R
0∆XR +
0KE,E
0∆XE
(17)
The vector of nodal displacements 0∆XE can be calculated according to:
0∆XE =
(
0Keq
)−1 0Feq (18)
with:
0Feq =
0FE −
0KE,R
(
0KR,R
)−1 0FR
0Keq =
0KE,E −
0KE,R
(
0KR,R
)−1 0KR,E (19)
The equation (18) de nes the equivalent elastic model which predict the whole
elastic behavior of the structure.
3.4.8. Forward elastic Model
The Forward Geometrical Model is de ned by the following relation that links the
controlled pose 0XE to the joint con guration q
k and the vector of the geometrical
parameters ξ:
0XE =
[
0PE
0ΦE
]
= f
(
qk, ξ
)
(20)
where 0PE and
0ΦE give respectively the cartesian position and the orientation of
the end-effector relative to R0.
0XE is given by post multiplication of homogenous
matrices according to (1). The Forward Elastic Model whose elastic parameters have
to be identi ed can be described by the relation (21) for a joint con guration qk:
0∆XE =
[
0∆PE
0∆ΦE
]
= h
(
qk, ξ, 0Feq,Λ,Γ
)
=
(
0Keq
)−1 0Feq (21)
where:
 ξ: the geometrical parameters.
 0Feq: the equivalent wrench de ned in R0.
 Λ: the mechanical parameters of the beams.
 Γ: the joint stiffness parameters.
The de nition of the Forward Elastic Model is given by:
0XˇE =
0XE +
0∆XE (22)
Finally the elastic model is fully described by two parameter tables:
 The geometrical table for de nition of joint framesRj in R0.
 The geometrical table for de nition of link framesRu,v in R0.
10
Figure 4: FANUC S420iF modeling
4. Application to the modeling of a FANUC S420iF robot
4.1. Modeling
The FANUC S420iF has a number L = 9 revolute joints (qj = θj) and n+ 1 = 9
links where link C0 is the  xed base and B = L − n = 1 closed loop. There are
N = 6 active joints. A complete segmentation of the structure can be done with 17
nodes (Figure 4). The vector q is de ned by:
qa =
[
q1 q2 q4 q5 q6 q7
]T
,
qp =
[
q3 q8
]T
, qc = q9.
Closed-loop constraint gives : q3 = q9 = −q8 = q2 + q7
4.1.1. Joint frames Rj
Joint frames are  xed according to the section 3.2.1. The geometrical table for joint
frames Rj of the FANUC S420iF is shown in Table 3. One can obtain
0XE =
0Tj by
post-multiplication matrices.
4.1.2. Link frames Ru,v
Link frames are  xed according to the section 3.2.2. For the FANUC S420iF, all
links are assumed to be rigid except C4 which ratio length/section is important. C4 is
then described as an hollow cylindrical beam made of steel. A link frame R12,13 is
 xed to the node 12 (Figure 5). Then it is possible to de ne the transformation 4T12,13
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Table 3: Geometrical table for the denition of the joint frames Rj
j a(j) µj γj bj αj dj θj rj
1 0 1 0 0 0 0 θ1 0
2 1 1 0 b2 −
π
2 d2 −
π
2 + θ2 0
3 2 0 0 0 π d3 θ3 0
4 3 1 0 0 −π2 d4 θ4 0
5 4 1 0 −b5
π
2 0 θ5 0
6 5 1 0 0 −π2 0 θ6 −r6
7 1 1 0 b7
π
2 d7 π + θ7 0
8 7 0 0 0 0 d8 −
π
2 + θ8 0
9 8 0 0 0 0 d9 −
π
2 + θ9 0
10 3 0 −π2 0 0 −d10 0 0
E 6 0 0 0 π 0 0 0
with the three parameters δ4, η4 and κ4. There are more than one solution, but the most
convenient is to choose the angle around y4, η4 =
π
2 . Equation (23) is obtained.
4T12,13 = Rot(x, 0)Rot(y,
π
2
)Rot(z, 0). (23)
The description of all the links is shown in Table 4.
Figure 5: Transformation between joint frame R4 and link frame R12,13
Table 4: Geometrical table for link frames Ru,v de nition
Cj u v χj δj ηj κj
C1 1 2 0 0 0 0
C2 5 6 0 0 0 0
C
(1)
3 9 11 0 0 0 0
C
(2)
3 9 10 0 0 0 0
C4 12 13 1 0
π
2 0
C5 14 15 0 0 0 0
C6 16 ∅ 0 0 0 0
C7 3 4 0 0 0 0
C8 7 8 0 0 0 0
4.1.3. Stiffness matrix
H = 17 for the FANUC S420iF. So 0Kc is a (102 × 102) square matrix. Then,
boundary conditions are introduced to express the fact that the robot is embedded to the
ground at the node 0. The size of stiffness matrix is then reduced by deleting rows and
12
columns corresponding to the nodes for which displacements are null. The dimension
of 0K∗c is (96× 96).
4.1.4. Rigid link motion
There are n = 8 links for the FANUC S420iF. ThenM = 6 × (8 − 1) = 42 and
the dimension of 0A∗c is (42× 96).
4.1.5. Equivalent structure
With the relation (15), all node displacements are known. In this paper only the
displacement of the node 16 is necessary. It represents the end-effector of the robot. In
the case of the FANUC S420iF, relation (13) becomes:[
0
K
∗
c(90,90)
0
A
∗T
c(90,42)
0
K
∗
c(90,6)
0
A
∗
c(42,90) 0(42,42)
0
A
∗
c(42,6)
0
K
∗
c(6,90)
0
A
∗T
c(6,42)
0
K
∗
c(6,6)
][
0∆X∗c(90,1)
λ(42,1)
0∆X∗c(6,1)
]
=
[
0
F
∗
c(90,1)
0(42,1)
0
F
∗
c(6,1)
]
. (24)
By applying equation (19), the elastic model is obtained:
0∆X∗c(6,1) =
0∆XE =
(
0Keq
)−1 0Feq. (25)
4.2. Elastic identi cation
Elastic calibration consists in identifying the stiffness parameters of joints and the
geometrical characteristics of C4. This is done independently of the geometrical errors
whose effects on the elastic behavior are considered as negligible. The experimental
setup is shown on Figure 6. It has been applied onto the FANUC robot by using the
Nikon Metrology K600-10 photogrammetric measurement system for a precise track-
ing of the moving end-effector. TCP poses have been generated over the workspace
of the FANUC S420iF. A complete characterization of the robot has been obtained by
stressing all its joints. For that purpose, a cable-pulley device is used to generate forces
at the end-effector along all axis of the reference frame R0. The direction of the force
F2 is measured by an LED  xed directly on the cable (Figure 6). Moreover, a  xture
is connected to the end-point to apply a higher force F1 along z0 axis. Finally a grid
of 150 poses is de ned, with two load con gurations:
 800N along F1, and 600N along F2
 600N along F1, and 200N along F2
The  rst load is used for elastic identi cation because it  ts a typical force case in
the ISF application. The second load is used for model veri cation.
For each joint, four stiffness parameters have to be identi ed, with the assumption
that the two radial and axial translational stiffness are equal. For the passive joints
3, 8 and 9, Kar cannot be null for numerical problems, so it has been chosen to set
this parameter to 10−1Nmm.rad−1. The other stiffness values have been identi ed
from measurements performed directly on the robot. For the FANUC S420iF, 33 joint
stiffness values have to be identi ed from measured data. The differences between
controlled and reached poses have been measured for each level of payload and without
to obtain the real elastic displacements. If 0∆Xm,pE and
0∆XpE stand respectively for
the vectors of the measured and calculated displacements for the pose and the load p,
the error that is used to identify the structure elastic model is:
0EpE =
∥∥0∆PpE − 0∆Pm,pE ∥∥ . (26)
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Figure 6: Experimental setup
The numerical values of the joint stiffness values gathered in the vector Γ are iden-
ti ed by minimizing, for a set of nm poses and loads, the following criterium:
C (Γ) =
nm∑
i=1
√
(0EpE)
2
. (27)
To identify the stiffness parameters, an optimization procedure is implemented in
modeFRONTIER, a multi-objective optimization software, using a genetic optimiza-
tion algorithm modeFRONTIER, ESTECO srl−EnginSoft© [27]. An object-oriented
programming language, MATLAB 2008b©, is used for the modeling. The identi ed
stiffness values obtained with the optimum design are used to evaluate the elastic dis-
placements of the robot for the veri cation load con guration. The results for hor-
izontal, lateral and vertical displacements are given in Figure 7. When the robot is
far of z0 and the ground, the elastic displacements are more important. On the con-
trary, the stiffness of the robot increases near of z0 and the ground. The model gives a
good prediction of the elastic behavior with a maximum TCP pose error of ±0.35mm
and a mean error about ±0.15 mm over the workspace. This is compatible with ISF
requirements within a prototyping context [23].
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Figure 7: Results for load 600 N along F1 - 200 N along F2
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5. Experimental validation: application to ISF process
A post-processor including the FE analysis of the process and the elastic model of
the FANUC S420iF is developed (Figure 8) as proposed in [20].
Figure 8: Post-processor scheme
The process FE simulation performed with the ABAQUS© software computes the
estimated forces required to form the part assuming an ideal stiff robot structure. The
advantage of this approach is to avoid the measuring of the forming forces during a
 rst run without any compensation as in [20]. Actually in the case of really compliant
robots, the measuring forces must be really lower as those exerted by an assuming
stiff structure and this can lead to inaccurate corrections of the tool path. This effect
was veri ed by forming without applying any compensation a frustum cone (Figure
10) with the Fanuc S420if robot and a FAMUP MCX500 three axes cartesian milling
machine. This machine can developed up to 7000N at the end of the tool with a pose
accuracy of 15 µm and therefore the errors on the tool path induced by its elastic
deformations can be assumed as neglectable. As one can see on Figure 9, the difference
between the mean forces measured along the tool axis on the miling machine and the
robot is about 35 % . This shows that taking into account the forming forces measured
during a  rst run with the robot will obviously result in inaccurate corrections of the
tool path.
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Figure 9: Comparison of the measured and simulated curves of the mean forces (Fz and Fxy) during the
forming of a frustum cone
To compute accurately the estimated forces with the FE simulation performed on
ABAQUS©, the in!uence of three factors has been particulary investigated:
 The through-thickness shear: the deformation mechanisms of the process are
not well identi ed [28] but some authors have shown that the through-thickness
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shear must be considered during the process [29]. The inuence of this phe-
nomenon on the predicted force has been quantied by comparing two types of
elements (brick (C3D8I) and shell (S4R) elements of ABAQUS© software).
 The hardening law: the high level of deformation reached by the process, implies
investigations on the choice of the hardening law. Hardening laws are typically
identied with tensile test until a low level of strain (about 20%). It can result
in an approximation of the force needed by the ISF process for high levels of
strain (between 60% and 80%) [30]. Two formulations, identied by the same
experimental setup, have been implemented in the simulation software. The rst
law is the classical power Ludwick law. The second is a Voce Law, often used to
model saturation or material softening especially for aluminium alloys.
 The modeling of the clamping system: encastre boundary condition can lead to
an articial stiffening of the model [31]. However, sliding can appear between
the sheet and the clamping system during the forming process. This hypothesis
was veried comparing a stiff model and a more realistic model including the
clamping pressure.
To verify the efciency of the FE analysis, the most accurate predicted force (ob-
tained with C3D8I elements, a Voce Law and a realistic modeling of the clamping
pressure) along the tool axis has been compared to the one measured directly on the
milling machine. Figure 9 shows the good qualitative agreement (less than 10 % error)
between the predicted and the measured forces. This shows that the simulated force
can be taken as a reference value to calculate accurately the TCP pose errors induced
by the elastic deformations of the robot structure with the proposed elastic model. And
then those errors can be added to the nominal path to obtain the nal corrected tool
path.
5.1. Frustum cone
In order to check the whole procedure validity and to estimate the resulting forming
errors, the same frustum cone as previously is used. The 3D complex path used to form
it is dened in the user frame Rp = (Op,xp,yp, zp). The cone of 45° wall angle is
centered on a sheet of 200×200×1mm3. The infeed direction is along zp but the tool
trajectory stresses the robot structure in all directions (Figure 10). The material is an Al
5086 H111 and its mechanical behavior has been already studied in a previous paper
[32]. The tool diameter is 15 mm and, in order to minimize friction, grease is used.
The wrenches apply by the tool are measured by a six-axis force/torque sensor ATI
Omega190. During the forming process the real tool path is measured by the Nikon
Metrology K600-10 photogrammetric measurement system.
The error between the target and measured tool paths before and after correction are
depicted in Figure 11. For more legibility, the error along xp (Figure 11(a)), yp (Figure
11(b)), zp (Figure 11(c)) and the norm error (Figure 11(d)) are presented separately in
the plane (Op,xp,yp) for the whole tool path. As one can see :
 Without correction: a signicant TCP deviation can be remarked. The max-
imum errors are about −2.5 mm, ±1.5 mm and −3.5 mm respectively along
xp, yp and zp and the absolute values of the mean errors are about 0.8mm, 0.45
mm and 1.2 mm. The maximum value of the error norm is about 4 mm at the
end of the trajectory and the mean value is about 1.8mm.
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Figure 10: Experimental setup and target tool path of the frustum cone
The Figure 11(a) shows that the geometrical error along xp is not uniformly
distributed along the path. It leads to a concentricity defect of 3.2 mm (Figure
12) which value has been calculated with the least square method by considering
the target and measured last circles of each trajectory. This defect is related
to the direction of the resulting forces. The Figure 13 shows the robot joint
con gurations when the tool is on points 1 and 2 corresponding to the minimum
and maximum positions along xp (Figure 12). For a given con guration the
vector of the torques Γe that are exerted by the robot joints can be calculated
according to the relation:
Γe = −
EJE
TEFe (28)
where EJE is the jacobian matrix of the robot and
EFe = [Fx, Fy , Fz ,Mx,My ,
Mz]
T is the vector of the resulting forces due to the environment on the TCP
robot.
The resulting force Fxy in the plane of the metal sheet can be calculated by :
Fxy =
√
Fx
2 + Fy
2 (29)
The direction of this force depends on the TCP position along the tool path.
For minimum and maximum values of xp, the force is along xp axis but with
opposite directions. By verifying the relation (28), one can see on the Figure 13
that the torquesM3,Fz andM5,Fz resulting of the application of the force Fz on
joints 3 and 5 respectively act always on the same sense. At the contrary, the
torquesM3,Fxy andM5,Fxy related to the force Fxy can act either on the same
(point 1) or on the opposite sense (point 2). This is shown on Figure 13. As a
consequence, the TCP elastic displacements are higher at the neighborhood of
point 1 than they are at the point 2 despite the robot structure is stiffer.
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Figure 11: Tool path errors along xp (a), yp (b),zp (c) and the norm error (d) (without and with correction)
during the forming of the frustum cone
Figure 11(b) shows that ∆Y is symmetric with respect to the center of the tool
path. This is due to the fact that there is no combination of the torques on the
robot joints as explained before. This error increases in function of the tool
position along zp. This phenomenon is due to the evolution of the force Fxy
during the tool path (Figure 9).
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Fz presents the same evolution than Fxy (Figure 9). As a consequence ∆Z
increases as a function of the infeed value along zp (Figure 11(c)).
Obviously these errors are not compatible with the process requirements. That
is why the trajectory is corrected using the off-line post-processor previously
described.
Target tool path
Measured tool path without correction
2
1
Target tool path
Measured tool path with correction
Figure 12: Part pictures - Comparison of concentricity defects
Figure 13: Analyse of motor torque and environment forces
 With correction: a signi cant improvement is obtained. Maximum errors are
about−0.9mm,±1mm and 1mm respectively along xp, yp and zp. Absolute
values of mean errors are about 0.15 mm, 0.14 mm and 0.22 mm along the
same axes. The maximumvalue of the error norm is about 1mm at the end of the
trajectory and the mean value is about 0.25mm. The concentricity defect value
is reduced to 0.6 mm. The remaining errors are mainly due to the differences
between the simulated and measured forces (Figure 9). They increase along the
trajectory and induce some maximum errors at the end of the tool path. This
effect is particularly visible with ∆Z . After correction with the proposed post-
processor the maximum error ∆Z is about 1 mm against −3.5 mm without
correction. It is due to the overestimation of the force Fz which leads to an
overcorrection of the tool path along zp.
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The rst obtained experimental results show the method relevance. The TCP pose
accuracy is improved of 70% during the forming of the frustum cone. The trajectory
concentricity is also increased of 80%. This validate the process requirements.
5.2. Twisted pyramid
The other part that is formed to conrm the previous results is a twisted pyramid
made in the same material as the frustum cone. Its non-symetrical geometry allows
to validate the robustness of both the process FE analysis and the elasto geometrical
calibration of the FANUC robot (Figure 14). The trajectory consists in constant z levels
(Figure 14) with an infeed value ∆z is 1 mm per loop. The force Fz is measured by
strain gauges sensor xed on the tool.
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Figure 14: Shape and target tool path of the twisted pyramid
The absolute errors between the target and measured tool paths before and after
correction given in the user frameRp are depicted in Figure 15. The following conclu-
sions can be deduced:
 Without correction: A signicant TCP deviation can be observed. The maximum
value of the error norm is about 6 mm at the end of the trajectory and the mean
value is about 3 mm. The non-symmetry of the part implies the non-symmetry
of the error. This phenomenon is explained by the changing of inclination of the
four faces of the twisted pyramid. It leads to change the direction of Fx during
the path that has some consequences on the torques valuesM3,Fxy andM5,Fxy
as explained before (Figure 13).
 With correction: An important improvement of the pose accuracy is obtained.
The maximum value of the error norm is about 1 mm and the mean value is
about 0.6mm. The effect of the inclination of each faces of the pyramid is well
compensated thanks to the good prediction of the forming forces by the FE sim-
ulation (Figure 16) as already shown in section 5 and to the other hand to the
realistic identication of the elastic behavior of the FANUC robot structure. The
nal TCP error that can be observed after the tool path compensation is mainly
induced by the residual identication errors remaining after the elastic calibra-
tion. They introduce a difference between the predicted and measured forces
which grows up with the infeed value (Figure 16). However, even considering
these errors, the TCP pose accuracy can be improved about 80% during the form-
ing of this part. This allows the nal geometry of the part to converge towards
the nominal specications required by a prototyping application.
21
Without correction With correction
x p
 (
m
m
)
x p
 (
m
m
)
y
p
 (mm)yp (mm)
20
60
100
140
180
20
60
100
140
180
2060100140180 0 2060100140180 0
 Norm Error (mm)
0 1 2 3 4 5 6
(mm)
Figure 15: Error norm measured between the target and measured tool paths (without and with correction)
during the forming of the twisted pyramid
0 8 16 24 32 40
0
200
400
600
800
1000
1200
1400
1600
1800
2000
 
 
Robot (with compensation)
FE analysis
F
 (
N
)
z
∆Z (mm)
Figure 16: Measured and predicted forces (Fz)of the twisted pyramid
6. CONCLUSION
This paper brings a contribution to the works of Meier and al. [20] [1]. First,
instead of a MSB modeling, a robust and systematic notation is proposed for the elastic
modeling of industrial open- and closed-loop robot manipulators. Second, due to an
ef cient FE analysis of the forming task, the predicted forming forces are computed
and then used as the inputs of the proposed elastic model. This avoids to measure the
forming forces during a  rst run without any compensation as in [20]. The proposed
contributions have been involved to plan the trajectories of a FANUC robot used in
forming applications to fully compensate the TCP pose errors due to the robot elastic
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deformations. The obtained experimental results show the relevance of this approach
since the TCP pose accuracy could be improved up to 80% for the forming of a frustum
cone and a non-symmetrical part (a twisted pyramid) made in an aluminium sheets.
This allows the nal geometry of the formed parts to converge towards the nominal
specications required by a prototyping application.
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